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Abstract. We consider the cubic Nonlinear Schrodinger Equation (NLS) in one space 
dimension, either focusing or defocusing. We prove that the solutions satisfy a-priori local 
in time iJ* bounds in terms of the H'^ size of the initial data for s > —j. This improves 
earlier results of Christ-Colliander-Tao [2] and of the authors [12]. The new ingredients are 
a localization in space and local energy decay, which we hope to be of independent interest. 



1. Introduction 
We consider the cubic Nonlinear Schrodinger equation (NLS) 

(1) - Uj-j, ± = 0, n(0) = 

in one space dimension, either focusing or defocusing. This problem is invariant with respect 
to the scaling 

u{x,t) — Xu{Xx, XH) 

as is the Sobolev space H~^, which one may view as the critical Sobolev space. The NLS 
equation ([1]) is also invariant under the Galilean transformation 

which corresponds to a shift in the frequency space. However the space is not Galilean 
invariant. 

This problem is globally well-posed for initial data Uq G L^, and the norm of the 
solution is conserved along the flow. Furthermore, the solution has a Lipschitz dependence 
on the initial data, uniformly for time in a compact set and data in bounded sets in L^. 
Precisely, if u and v are two solutions for ([1]) with initial data uq, respectively vq then we 
have 

\\u{t) -v{t)\\L2 <\\uo-Vo\\l2, \t\<l, ||mo||l2, ||t^o||L2 < 1 

By scaling and reiteration this implies a global in time bound 

(2) \\u{t) - v{t)\\L2 < e^l*l(ll«olL2+||.olL2)*||^^ _ ,,^||^^ 

A natural question to ask is whether local well-posedness also holds in negative Sobolev 
spaces between H~^^'^ and L^. As a consequence of the Galilean invariance, the map from 
initial data to the solution at time 1 cannot be uniformly continuous in the unit ball in H'^ 
with s < 0, (see [10], [3]). However, it is not implausible that one may have well-posedness 
with only continuous dependence on the initial data. This problem seems to be closely 
related to that of relaxing the exponential bound in ([2]) to a polynomial bound. Choosing 
the focusing or the defocusing problem may also make a difference. 
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At this point we are unable to tackle the question of uniqueness or continuous dependence 
on the initial data in in the if* norm for s < 0. This remains a fundamental open problem, 
whose answer may depend also on the focusing or defocusing character of the equation. 

The problem of obtaining apriori estimates in negative Sobolev spaces was previously 
considered by Christ- Colliander-Tao [2] (s > —1/12) and by the authors > 
One key idea was that one can bootstrap suitable Strichartz type norms of the solution but 
only on frequency dependent time-scales. Another idea was to use the /-method to construct 
better almost conserved if* type norms for the problem. 

In this article we introduce another ingredient into the mix, namely local energy bounds. 
By establishing separately that the solutions satisfy local energy bounds on the unit time 
scale we are able to weaken the interval summation losses and obtain a better result with 
more a-priori bounds on the solutions. 

As in our previous work [12], here we focus on the question of a-priori bounds in negative 
Sobolev spaces. In the process, we also establish certain space-time bounds for the solution, 
as well as for the nonlinearity in the equation; these bounds insure that the equation is 
satisfied in the sense of distributions even for weak limits, and hence we also obtain existence 
of global weak solutions for initial data in for — l/4<s<0. It is likely that —1/4 is not 
optimal. Our main result is as follows: 

Theorem 1. There exists e > such that the following is true. Let 

< s < 0, A > 1 
and assume that the initial data Uq G satisfies 

\\uo\\ls^:= j{K^ + er\uo?di<e\ 
Then the solution u to ^ satisfies 

(3) sup < 2\\uq\\hi- 

0<t<l 

As a byproduct of our analysis, in addition to the uniform bound (jl]), we also establish 
space-time bounds for the solution u as well as for the nonlinearity \u\'^u in the time interval 
[0, 1], namely 

(4) WxmAxinxi^^ < \\uo\\hi, \\X[o,i]\u\^u\\Y^nYi^^ < 

where the spaces X^, X^i^, and Y^i^ are defined in the next section. 

The above theorem captures most of the technical contents of our analysis. However, 
it is not scale invariant, so taking scaling into account we obtain further bounds. Indeed, 
rescaling 

u^{x,t) = fxu{nx, jj'^t) 

we have 

Applying the above theorem to for s = ;^ we obtain the case s = | of the following 
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Corollary 1.1. Let - j < s <0. Suppose that M > and A > satisfy A > M^. Let u be 

a solution to ([1]) with initial data Uq G so that 

\\uo\\ _i < M 

Then u satisfies 

(5) sup \\u{t)\\Hi < IIuoIIh^, T < 

\t\<T 

The general case follows from the s = j case due to the following equivalence: 



(6) ll^lllx^E^^ 



A>A 



Here and below all the A summations are dyadic. 

Applying the above corollary to a given solution for increasing values of A yields global in 
time bounds. Consider first the case when 1/4 < s < 0. Given M > 1 and an initial data 
Mo so that ||mo||_h''' < M we have 

By the above corollary this yields 



ko||„ 1 < A^^-iM, A>1 
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sup < ||Mo||j?f , A > max{r8»+2M4<!+i,M2s+i} 

o<t<r 

Hence we have proved 

Corollary 1.2. Let — ^ < s < and M > 1. Let u be a solution to ([T]) with initial data 
Uq G L'^ so that 

\\uo\\hs < M 
Then for all T > the function u satisfies 
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(7) sup ||M(t)||//s < M, A(r) = max{T53+2M3^,M^} 

\t\<T 

Here it is only the principle that matters. The exact exponents here are less important 
since it is very unlikely that the s = —\ result is sharp. 

The case s = — | is more delicate. There all we can say is that 

lim IImoII _i = for Mn G H~^. 

Thus we obtain 

Corollary 1.3. Let u be a solution to ([1]) with initial data uq E L"^ . Then for all T > the 
function u satisfies 

(8) sup||n(t)|| 1 <1 

\t\<T "a(t) 



for some increasing function A(T) which only depends on the the H 4 frequency envelope of 

Uq. 

The apriori estimates suffice to construct global weak solutions. Using the uniform bounds 
(jlj) one may prove the following statement. 
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Theorem 2. Suppose that uq G H'^ , s > — |. Then there exists a weak solution u G 
C(M, H'), so that for allT >0 we hav^ xtu G X" n Xf^ and 

(9) sup \\u{t)\\Hs + \\X[-T,T]U\\x''nX^ + \\X[-T,T]\u\'^u\\Y''nYf < C 

-T<t<T 

with C depending on T and on the frequency envelope of uq. 

1.1. Some heuristic considerations. The nonlinear Schrodinger equation is completely 
integrable. Depending on whether we look at the focusing or the defocusing problem, we 
expect two possible types of behavior for frequency localized data. 

In the defocusing case, we expect the solutions to disperse spatially. However, in frequency 
there should only be a limited spreading, to a range below the dyadic scale, which depends 
only on the size of the data. Precisely energy estimates show that for frequency localized 
data with norm A, frequency spreading occurs at most up to scale A. 

In the focusing case, the expected long time behavior (or short time for large data) is a 
resolution into a number of solitons (possibly infinitely many) plus a dispersive part. The 
situation is somewhat complicated by the fact that some of these solitons may have the 
same speed, and thus considerable overlapping. The inverse scattering formalism provides 
formulas for such solutions with many interacting solitons. Nevertheless it is instructive to 
consider first the case of a single soliton, which in the simplest case has the form 

n(x,t) = e"^* sech(2-^/2^). 

Rescaling we get a soliton with norm A, namely 

u^{x,t) = e-''^'X^ sech(2-i/2^2^). 

More soliton solutions can be obtained due to the Galilean invariance. However, our function 
spaces here break the Galilean invariance, so our worst enemies are the zero speed solitons. 

The above solution is constant in time, up to a phase factor. It is essentially localized to 
an interval of size A~^ in x, and of size in frequency. It also saturates our local energy 
estimates in (jlj) for s = — |, exactly when A = A^. 

In many cases error estimates for a nonlinear semiclassical ansatz for solutions are avail- 
able. An example is the initial data 

uoix) = A sech(2-^/^x) 

where a semiclassical ansatz for an approximate solution is given by 

u{t,x) = AA(x,t)e-*^^(*'") 

where p = and /i = A^d^S satisfy the Whitham equations 

Pt + Xd,fi = dtfi + Xd,{fiyp±py2) = 

with + in defocusing and — in the focusing case. The Whitham equations are hyperbolic 
for the defocusing case and they can be solved up to an time T ~ A~^, when singularities 
corresponding to caustics occur. Grenier [5] has justified this ansatz up to the time when 
caustics occur. 



Here we drop the subscript A = 1 from the notation for the space-time norms. 
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The Whitham equations are elliptic in the focusing case. Akhmanov, Khokhlov and Sukho- 
rukov [1] realized that the implicit equation 

(10) = -2\tp^ tanh ( ^^ ~ ' P = (1 + A^t^^) sech^ (px - /it) 

defines a solution to the Whitham equation with the A sech initial data. The semiclassical 
ansatz for small semiclassical times has been studied by Thomann [T5] . 

The direct scattering problem has been solved by Satsuma and Yajima [13]. In particular, 
if A is an integer one obtains a pure soliton solution with A solitons with velocity 0. In this 
case the solution is periodic with period 2. Formula f fTOj) seems to indicate that the solution 
remains concentrated in an spatial area for size ~ ln(l + A). The semiclassical limit has 
been worked in a number of problems, see Jin, Levermore and McLaughlin [7], Kamvissis 
[S], Deift and Zhou and Kamvissis, McLaughlin and Miller [H]. 

These examples indicate that energy may spread over a large frequency interval even if 
the energy is concentrated at frequencies < 1 initially, and there are solutions with energy 
distributed over a large frequency interval with velocity zero. For the proof of our main 
result we use localization in frequency and space. These examples provide natural limits for 
the localization. This is refiected in the estimates and the definition of the function spaces. 

1.2. An overview of the proof. We begin with a dyadic Littlewood-Paley frequency de- 
composition of the solution m, 

m = ^ma, Ux = P\U 

A>A 

where A takes dyadic values not smaller than A, and ma contains all frequencies up to size 
A. Here the multipliers Pa are standard Littlewood-Paley projectors. For each such A we 
also use a spatial partition of unity on the A^"'"^'^ scale, 

(11) 1 = E (^)' = x(A-^-'^a; - j) 

with X ^ C*o°("~l7 1)- To prove the theorem we will use 

(i) Two energy spaces, namely a standard energy norm 

(12) IkllpLoo^s = ^ A^^ II Ua 11^00^2 

A>A 

and a local energy norn'fl adapted to the A^"*"^^ spatial scale, 

(13) Mli^^.^-s = 5^A-2^-2sup||xJa,nA||i2 



^For s = — \ the spatial scale is one and this corresponds to the familiar gain of one half of a derivative. It 
may seem more natural to remove the dx derivative and appropriately adjust the power of A. This would be 
equivalent for all frequencies A > A. However, in ma we are including all lower frequencies, which correspond 
to waves with lower group velocities and to a worse local energy bound, should the operator dx not be present 
here. Based on the standard form of the local energy bounds for the linear Schrodinger equation one may 

jL 

still expect to be able to relax the dx operator almost to di . At least in the focusing case this is not possible; 
indeed, if s = — i then the local energy component of the bound ([T8| below is saturated by the frequency 
A^ soliton. 

5 



(ii) Two Banach spaces and measuring the space-time regularity of the solu- 
tion u. The first one measures the dyadic parts of u on small frequency dependent 
timescales, and is mostly similar to the spaces introduced in [2], [12]. The second 
one is new, and measures the spatially localized size of the solution on the unit time 
scale. These spaces are defined in the next section. 

(iii) Two corresponding Banach spaces and measuring the regularity of the non- 
linear term \u\'^u. These are also defined in the next section. 

The linear part of the argument is a straightforward consequence of our definition of the 
spaces, and is given by 

Proposition 1.4. The following estimates hold for solutions to ([T]).- 

(14) \\u\\xi < \\u\\i2LocHi + \\{idt - ^)u\\yi 
respectively 

(15) ^ \\u\\i2i^L^Hi^ + \\{idt - A)u||y._^^ 



To estimate the nonlinearity we need a cubic bound. 
Proposition 1.5. Let u G fl X^^^. Then \u\'^u G n and 



(16) \\\u?AY^,nY',,<\W^'^ 



Finally, to close the argument we need to propagate the energy norms: 
Proposition 1.6. Let u he a solution to ([T]) with 

WuWl'iL^Hl < 1- 

Then we have the energy hound 

(17) WApl^hi < \\uq\\hi + Ikllx^nxx,,,' 
respectively the local energy decay 

(18) ll"lb2i°°L2HA= ~ \Wo\\Hi + \W\Wir)Xii^- 

The bootstrap argument which leads from Propositions ll.4|1.5l and 11.61 to Theorem [T] is 
straightforward and thus omitted. Instead we refer the reader to the similar argument in 



We remark that in our set-up s = — ^ is the actual threshold in the energy estimates in 
Proposition II. 6[ though not in the bounds for the cubic nonlinearity in Proposition 11.51 In 
principle the former can be improved by adding further corrections to the energy functional; 
we choose not to pursue this here. 

The plan of the paper is as follows. In the next section we motivate and introduce the 
spaces X^, X^jg, Y^ and Y^^^, as well as establish the linear mapping properties in Propo- 
sition 11.41 In Section H] we discuss the linear and bilinear Strichartz estimates for solutions 
to the linear equation. 
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The trihnear estimate in Proposition 11.51 is proved in Section [51 In the last section we use 
a variation of the I-method to construct a quasi-conserved energy functional and compute its 
behavior along the flow, thus proving the first bound (ITTI) in Proposition 11.61 A modification 
of the same idea leads to the local energy decay estimate (ITSI) . 

2. The function spaces 

To understand what to expect in terms of the regularity of u we begin with some heuristic 
considerations. If the initial data Uq to ([T]) satisfies ||mo||l2 ^ 1 then the equation can be 
solved iteratively using the Strichartz estimates on a unit time interval. We obtain essentially 
linear dynamics, by which we mean that the difference between the solution to the linear 
Schrodinger equation and NLS is small, and the solution u belongs to the space X°'^[0, 1] 
associated to the Schrodinger equation (see the definition in f|T9|) below). 

Let s < 0. Consider now NLS with initial data Uq G H^, localized at frequency A. Then 
the initial data satisfies ||mo||l2 ^ A""*. By rescaling the small data result we conclude 
that the evolution is still described by linear dynamics up to the shorter time A^*. 

We expect the frequency localization of the solution to be somewhat robust. Then it is 
natural to consider a decomposition of the solution u into its dyadic components ux = Pxu 
and to measure the U\ component uniformly in A^* time intervals. 

Linear waves with frequency A travel with group velocity 2A, therefore they cover a distance 
of about A^"^^'^ within a A'^* time interval. Hence we can naturally partition frequency A waves 
with respect to a grid of size 

5tx = A^^ 5xx = A^+'^ 

Correspondingly we have the spatial partition of unity f ITT]) . We remark that the scale of 
this partition increases with A for s > —1/4, and decreases with s. It is independent of A 
exactly for s = —1/4, which makes the threshold s = —j very convenient technically. 

Now we introduce the function spaces for the solutions u. Following an idea of M. Christ, 
given an interval / = [to, ti] we define the space 

(19) m^co.ii] = mto)\\l^ + \mi^^t - A)^l,^^ 

Ideally we would like to place the dyadic pieces ux of u in such a space on the Stx scale. 
However, this does not quite work and we have to introduce a slightly larger space 

Xx[I]=X'''[I] + \-'-'^Ul[I]. 

The and spaces are a refinement of the Fourier restriction spaces of Bourgain. We 
refer to the next section and to [11], [6] for a discussion of them. They are related to the 
Bourgain spaces through the embeddings 

(20) CUlc 
where the above X*'* type norms are defined by 

(21) ll^ll^^o.i 1 = X^/^^IIQm^IU^, 11^^11^0,1.00 = sup h^\Q^u\\l2. 

and the modulation localization multipliers select the dyadic region {|t + ~ fi}. 
Let us compare the two parts of the Xx norms. First, Holder's inequality implies 

\\{idt-A)<p\\LHiM') < I^I^IK^^t- A)0IU^[/] 
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and hence (again referring to the next section for a discussion of the spaces) 
and by the embedding properties of the spaces 

lkA||(72(/) < \\ux\\x"-Hl)- 

Thus we obtain 

(22) lkA||c/2(/) < I^aIIx;,!/] 

This bound will suffice for most of our estimates. 

On the other hand, the structure of the Xx norms is so that we expect to have better 
bounds at high modulations (> A^, e.g.). However, some care is required in order to make 
this precise, because modulation localizations do not commute with interval localizations. 
To address this issue we introduce extension operators Ej which take a function u G ^a[-^] 
to its extension Eju solving the homogeneous Schrodinger equation outside / with matching 
data at the two endpoints of /. By definition we have 

\\{idt - A)EjUx\\x-^-L^+x-i-^=Dui ^ I|ma||x;,[/], |/| = A^' 
This implies the high modulation bound 

(23) \\Q>.EjUx\\l^ < mm{\~^'a~\\~'-''a-^\\ux\\x,li]. 

We remark that the balance between the norms of the two component spaces in Xx is achieved 
at modulation A^. Since the Xx norm is only used on frequency A functions, it follows that 
the U"^ component of the space Xx is only relevant in the elliptic region {|t — ~ |t| + |^P}- 
Now we can define the X^ norm in a time interval / by 

(24) Mhw = Y.^^' Mx.lJ] 

A>A kl=A4^^c/ 

In the sequel we will mostly drop the interval / = [0, 1] from the notation. We remark that 
within each interval J we have square summability on the A^^^** spatial scale as well as on 
any larger scale, 

(25) Eii^^^ii^M \J\ = ^''^ /^^^' 

This can be viewed as a consequence of the fact that frequency A waves travel with speed A. 
We refer to Lemma 13.11 in the next section for more details. 

Next we introduce the related local smoothing space X^^i^, where the above summation 
with respect to spatial intervals is replaced by a summation with respect to time intervals: 

(26) ||«||^.^^[,] = ^A2^-^sup Yl \\xp.ux\\j,,[j] 

A J'e^ JCI 

Here and below the J summation is understood to be over a partition of / into intervals J 
of the indicated size. 

To measure the regularity of the nonlinear term we begin with 

Yx[I] = \I\~^L^ + X^^~^'DUl[I] 
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which is exactly the output of the hnear Schrodinger operator idt — A apphed to X\[I] 
functions (see next section for a discussion of DU^). We use it to define the norm 

(27) \\f\\ym = Y.^"' II^^MIn 

A>A 1^1=^'^ 

as well as its local energy counterpart 

|J|=a4= 

(28) 11/11?-,^, [/] = E^'^"'^^P E WxJX^dJ.Wk 

A>A ^'^^ JCI 

3. UP AND VP SPACES 

We sketch the construction of the spaces and and their properties and refer to 
[B] for more details. 

Both IJP and are spaces of functions in M which take values in a Hilbert space, L^(M) in 
our case. To define them we first introduce the class V of finite partitions of M into intervals. 
A partition a G P is determined by the endpoints of the intervals, which are identified with 
a finite increasing sequence (tn)n=o,7V(o-) with to = —oo and t^i^a) = oo. 

Let 1 < p < oo. A JJP atom is a right continuous piecewise constant function 

Nia) 
n=2 

on the real line associated to a partition a = (tn) G "P of the real line. We define as the 
atomic space consisting of all functions for which the following norm is finite: 



00 



\\u\\up = inf <^ ^ Afc : / = ^ AfcCfc, atoms , > 
I fc=i 

This is a Banach space of bounded right continuous functions which have limit zero as t goes 
to —00. 

The space of bounded p variation functions consists of all functions on M for which the 
following norm is finite, 

N-l 



\U 



l^p = sup ^ \\u{tn) - u{tn-l)\\P 



n=2 



In this formula we set u{oo) = 0. This is a Banach space of bounded functions. The 
functions in have lateral limits everywhere. By V^, we denote the subspace of right 
continuous functions in which have limit zero as t goes to 00. 

Both spaces are invariant under monotone reparametrizations of M and can therefore be 
easily defined for intervals. Given any partition a = (tn) G P of the real line we also have 
the interval summability bounds 

N{a) 

(29) hrup<y2\\h.^ut.)ur- 



Clearly, if 1 < p < g then 



n=l 



UP ^ jj\ VP C UP C VP 
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We also have the nontrivial relation 

C f/"? l<p<q 

More precisely, as proved in [B], there exists 6 > such that for each v G V^^ and M > 1 
there exists u G U^, w eV^ such that v = u + w and 

(30) M-^\\u\\uv + e'''\\w\\u. < \\v\\yp^. 
The relation to of and to Besov spaces is as follows: 

(31) bI^"'" cup C VP, C BliP^P. 

In particular the norms of u in and are equivalent if it is supported in a fixed dyadic 
frequency interval. Moreover if denotes the projection to a dyadic frequency range we 
have 

\\Qf,u\\LP < C/i^^/P||-u||yp. 

There is also a duality relation: Let 1 < p, g < oo be dual exponents. Then 

(32) UP {u,v) B{u,v) = j uvtdt 

defines an isometry — > (f/^)*. The notation in fl32l) is formal, and making it rigorous 
requires considerable care, for which we refer to [6]. We use the spaces DU^ and DV^, 
as distributional time derivatives of functions in U^ and DV^,. This is possible since for 
1/p+l/q = 1 

||u||;7P = snp{B{u,v) : v G : WvWvq = 1} 

and 

= snp{B{u,v) -.ueC^: \\u\\up = 1}. 

All these constructions apply to functions with values in Hilbert spaces. Of particular 
interest is the Hilbert space A short reflection shows that 

(33) U\P) C l^U\ 

where on the left we have P sequences with values in f/^, and on the right valued functions 
in U"^. Similarly PV^ C VH^. 

We use Bourgain's recipe to adapt the function spaces to the Schrodinger equation 



and 



\v\\yr = \\e-^'^v{t)\\yr,. 



We will always consider right continuous functions and we drop rc from the notation. 

The relation to the X^''' spaces can be seen from estimate (IHT]) . which also implies the high 
modulation estimate 

||Qm"||l2 < cfi~^^'^\\u\\vi 

where, as before, is the projection to modulations of size /x, namely the frequency region 
The next lemma, combined with a rescaling argument, proves the bound 
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Lemma 3.1. Let A > 0, and I an interval with \I\X < 1. If u is frequency localized in 
[—A, A] then the following estimates hol^ : 

(34) Yl ll^i^ll^iW ~ IMlllip W^^fWlulii] ^ WfWlulii]^ 

(35) IMllii] ^ Yl \M\lliiV WfWlvlii] ^ Y WxjfWlvliiY 

Proof. It suffices to verify the ffist inequality for atoms. Furthermore, due to the ffist 
bound in (129|) . we only need to prove it for each step in an atom. Thus consider a solution 
u to the homogeneous Schrodinger equation in a subinterval J = [a, b) C /. For each j & 1^ 
we write an equation for x^m, namely 

{^^, - dl){x,u) = f, 

where the right hand sides fj are given by 

(36) fj = -dlxjU - 2d^XjdxU 
and can be estimated as follows: 

Then, using A| J| < 1, we have 

Y W^Mll^j] ^ Y W^Mu^iJ] ~ \\'^M(^)\\h + WfjWliLi ^ \Ha)\\l2 

j j j 

The proof of the ffist bound in (134|) is completed by summing over the intervals J. 

For the second bound we consider / of the form / = {idt — dl)u with u e f^ll-^]- Then we 
can write Xjf 

Xjf = (idt - dDixju) - fj 
with fj as in fl36l) . For the ffist term we use the ffist bound in fl34p . and for the second we 
bound fj in L^L^ as above. 

Next we consider the ffist bound in fl35|) . For a partition a = (t„,) of the interval / we 
need to estimate the sum: 



S = Y\\^''^'"^'^'"^^<tn) -U{t^^,)\\l, 



We have 

^ ^ E E llx,(e^^*"--*")^«(t„) - uit^^Mh 

j n 

<YY\\^'^'""'"'"^^Mtn)) - x,^wi)iii. + EE 

3 n j n 

and the ffist term is directly estimated in terms of the right hand side in fl35l) . For the second 
term we will establish a stronger bound, namely 



Ell[^^'0"o|li.<(TA)^||no| 



2 

L2 



■^Here Xj — x]j the superscript 1 is omitted. 
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whenever uq is frequency localized in [—A, A]. This suffices since we have < 
Denoting u(t) = e**^Mo we write 

{^^t-^l)[x„e'^^]uo = fJ 

with fj again as in (136 p . Hence 

j:\\[x,.e^^^]uo\\i.<j2m\iL^ 

j j 

and the bound for fj in L^L^ is the same as above. The proof of the ffist part of (135!) is 
concluded. 

For the second part of (!35|) we write / in the form / = {idt — dl)u in J = [a, b] with 
u{a) = 0. Arguing by duality (see (152]) ). from the ffist part of ( 151|) apphed to solutions for 
the homogeneous equation we obtain the uniform energy bound 

The rest of the argument is similar to the one for the second part of (IM|) . □ 

We conclude this section with the proof of Proposition 11.41 For t > we consider the 
solution u to the inhomogeneous equation 

idtU + Au = f u{0) = Uq 

We set u{t) = for t < 0. Then from the definitions we immediately obtain the linear bound 

(37) \\u\\up < \Wo\\l2 + 

We now consider the bound (fUl) . The frequency localization commutes with the Schro- 
dinger operator, and it suffices to verify (|T^ for a fixed dyadic frequency range A. We can 
also restrict our attention to a time interval J = [a, b] with \J\ = A^^. There we need to show 
that 

(38) lkA||x;,[j] < \\uxia)\\L2 + ||/A||y;,[j], (idt - A)ux = fx 
which follows directly from (l37j) and the definitions of the norms. 



For the second estimate (|T5l) we again localize to a dyadic frequency A. Let us ffist consider 
A > A; there it takes the form 

|J|=A'i= |J|=A'''' 

sup J2 \\XjUx\\l,[j] < snp J2 (^~^"\\XjUx\\h[j] + \\Xjfx\\Y,[j] 

^■e^ JCI JCI 

This in turn follows after integration over t E J, J summation and k summation from the 
next estimate: 

\\x-ux\\x,[j] < - A:)"^ {WxtuximL- + WxlfxlW^U]) 

This is equivalent to considering an inhomogeneous Cauchy problem in an interval J = [a, b] 
with I J| = A^^ 

{idt - A)ux = Pxxlf. ux{a) = xt4 

and proving that 

iix>a||x.[j] < (j - kr"" (ikoiu^ + wfxWnij]) 
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For j = k + 0{1) this is a direct consequence of (1381) . For j away from k this follows from 
favorable bounds on the kernel Kjk of x'j^^^^PxXjy which satisfies the rapid decay bounds 

\d:d;d^K,,,it, x,y)\< c,/3,A"^(j - A;)-^, |t| < 6tx, \j - A;| » 1 
If A = A we apply the same argument to dxUA. 

4. Linear and bilinear estimates 

Solutions to the homogeneous equation, 

(39) ivt -Av = 0, v{0) = vq 

satisfy the Strichartz estimates: 

Proposition 4.1. Letp,q be indices satisfying 

2 11 

40 - + - = -, 4<p<oo 

p q 2 



Then the solution u to ( l39i) satisfies 



In particular we note the pairs of indices (cx),2), (6,6) and (4, oo). As a straightforward 
consequence we have 

Corollary 4.2. Letp,q be indices satisfying ( 140|) . Then 

^ \\v\\up- 



The proof is straightforward, since it suffices to do it for atoms. By duality we also obtain 
Corollary 4.3. Letp,q be indices satisfying ( 140|) . Then 

The second type of estimates we use are bilinear: 

Proposition 4.4. Let A > 0. Assume thatu,v are solutions to the homogeneous Schrddinger 
equation (139|) . Then 

(41) ||P>A(m;)||z,2 < A"^||mo||l2|K'o||l2 

Proof. In the Fourier space we have 

M(-r, = Mo(0^r-52, v{t, = ?)o(0^r-€2 

Then 



which gives 



ut;(r,0= / Uo(^i)^'o(6)'^r-«2_52rf6 



uv{t,^) = — ^(uo(6)fo(6) + «o(6)^^o(^i)) 

13 



where and ^2 are the solutions to 
We have 

drd^ = 2\^i - ^2\dCidC2 

therefore we obtain 

iip>AMiii^ < / \uom'\vom'\^i-^2\-'d^,d^2 

The conclusion follows. □ 

As a consequence we obtain 
Corollary 4.5. The following estimates hold: 
(42) \\P,iuv)\\L2 < X-'/^u\\uM\u.. 



(43) \\uxvJl^ < ^ '^\\ux\\ul\\vjul, A</i 



Again it suffices to prove these estimates for atoms, and then for solutions to the ho- 
mogeneous Schroder equation. But this follows from the bilinear estimate of Proposition 

m 

5. The cubic nonlinearity 

In this section we prove Proposition II. 5[ For a dyadic frequency A we estimate the nonlin- 
earity \u\'^u at frequency A in a time interval / of length A^* in DU\. By duality this leads 
to a study of a quadrilinear form of the type 



J = j XiUxjUx^ux-^ux^dxdt 

The position of the complex conjugates is of little importance in the sequel. We will assume 
that Ai < A2 < A3 < A4; some of the constants in the next lemma improve if the complex 
conjugates are placed differently, but this plays no role in our subsequent analysis. 

Lemma 5.1. Let I be any compact interval. Then the following estimates hold: 
A). If \i ~ A2 ~ A3 ~ A4 then 

(44) |J| < ||MAi||L2|kA2||y2|h^A3||y2||MA4||\/2 



(45) |J| < |/|5||M^J|^^2||nAj|v|hA3llv|lkA4lly2 

B). If \i ~ A2 < A3 ~ A4 then 

1 _i 

(46) |J| < >^lK'\\uxA\L4ux2\\ul\\ux3\\ui\\uxA\ul 

1 _1 

(47) \J\ < >^iK'\\uxi\\ui\\ux2\\ui\\uxs\\l4ux4\\uI 

(48) \J\ < K^\\uxAul\\ux2\\ul\\uxs\\ul\\uxAul 
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C) . IfXi < A2 < A3 ~ A4 

i _i 

(49) \J\ < \IX^'\\uxJl4ux2\\ui\\u\s\\ui\\uxMuI 

(50) \J\ < mm{Xl X^^Xl^^ ,1}X^ X^^ \\uxA\ul\\u\2\\L4u\-Aui\\uxAul 

1 _i 

(51) 1^1 < X^X^^\\ux,\\ui\\ux2\\ui\\uxjL4ux,\\ui 

(52) |J| < mm{Xl X^^ Xl^^ ,l}Xl^\\ux4ulhx2\\ul\\uxs\\ulhxAul 

D) . If Xi ^ A2 ~ A3 ~ A4 then 

1 _i 

(53) \J\ < XlX^^\\ux-ML4^X2\\ul\Wxa\\ul\WxAul 

1 _1 

(54) |J| < XlX^^\\ux-4ulhx2\\L^\Wxs\\uihx4ul 

1 _1 

(55) |J| < X^X^^\\ux4ulhx2\\ulhx3\\L^\\ux4ul 

1 _1 

(56) |J| < X^X^4\ux4ui\\ux2\\ul\Wxa\\ulhxAul 

It is worth noting that the length of the interval enters only in ( 145|) . In all other cases 
the cutoff xi can be safely discarded. The bounds in parts B and C improve if the none or 
both of the high frequency factors have complex conjugates. We also note the weaker bound 
(!55|) when the complex conjugates fall on the first and third factor; this directly leads to the 
weaker bound in (!56|) . and causes some small difficulties later on. 

We also remark that combining the results in dBD, (06]), (147D,(I49]), (jSO]) dSS]), and ([5lD we 
obtain by duality 

Corollary 5.2. Suppose that Ai < A2 < A3 and Xq < A2. Then 

1 _ 1 

(57) \\Pxoiux,ux2Ux^4L^ ^ K>'3^hx4ui\\ux2\\ul\\ux4ul 

Proof. A. For ( l44l) we use the Strichartz estimate. For ( 144|) we use the L^L'^ Strichartz 
estimate and Holder's inequality to obtain 

4 4 4 

j=i j=i j=i 

B. For both fl46p and fl47l) we use an bilinear estimate for UX2UX4, and the remaining 
two factors are estimated in respectively L°°L^ with an added Bernstein inequality for 
uxi- For fHHj) we use two bilinear estimates for ux^uxg, respectively UX2UX4- 

C. The bounds f H9|) and fl5T]) are similar to fH6|l and P7|) . The same argument also 

yields the A2A4^ factor in ( l50i) . To complete the proof of ( l50l) we observe that we can 
harmlessly insert a projector Px2{uxsUx4) in the last product. Here and later, Pa denotes a 
wider frequency A projector, for instance Px = X]/j~a -^m- -^^ bilinear estimate we 

have 

_i 

||Pa2(MA3'"A4)||l2 < A2 '||MA3||(/2 ||MA4||c/2^ 
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1 j_ 

and using the bound for ux^ we obtain the second desired factor A^A2 ^ in (j50l) . 

To prove (132]) we decompose each factor into a term with modulation > A2A4, and one 
with smaller modulation, 

If all four modulations are low, then a simple frequency-modulation analysis shows that 
J = 0. Hence we assume without any restriction in generality that one of the factors is at 
high modulation. For that factor we have an bound, see (120|) and (12T|) . 

II^aJIl^ < (A2A4)~^||nAjc72 

Hence the constant in ( 152|) is obtained by adding a (A2A4)~^ factor to each of the constants 
in (l49|) - (!5T|) and summing them up. 

D. Case D is similar to case C except for the inequality ( !55|) . where we only obtain the 

worse factor Aj'A4 The difference there is that .^2 and .^4 no longer need to have dyadic 
separation so we cannot use directly the bilinear bound. To address this issue we split 
the problem into two cases by writing 

Ux^Ux^ = PyxiuXiUxJ + P^xiuXiUxJ , A = (AiA4)^ 
For the first term we use the bilinear bound to obtain 

\\P>x{ux2Ux4)\\l^ ^ {^i^Ay^\\ux,\\ulhxAul 

and conclude with the pointwise bound for n^^. 

For the second term we have orthogonality with respect to frequency intervals of size A, 

therefore the problem reduces to the case when ux2 and ux^ are frequency localized in A sized 

_ 1 

intervals. Then we use the bilinear bound for ux^ux^ gaining a A4 ^ factor, and then use 
Bernstein for ux2 (now localized on the (AiA4)2 scale) for a loss of (AiA4)4. □ 

We continue with the proof of Proposition 11.51 

Proof of Proposition \1.5[ For the bound we need to estimate the trilinear expression 

PxiuxiUx^ux^) 

in Yx[I] over intervals of size |/| = A^*, and then square sum with respect to all frequencies A, 
Ai, A2, A3. In the case of the F/^g bound we have to estimate the better, localized, trilinear 
expression 

XjPxiux.ux^uxs) 

in 1a [-?^], but we need to perform an additional summation with respect to the time interval 
J. 

We separately consider several cases depending on the relative size of all A's. In order for 
the output to be nonzero we must be in one of the following two cases: 

1) max{Ai, A2, A3} ~ A. 

2) {Ai, A2, A3} = {a, yu, /i} with A <^ yU, a < /i. 

Here we allow for a slight abuse of notation, as the two highest Aj's need not be equal but 
merely comparable. We will consider these two cases separately. In the second case we will 
subdivide into further cases depending on the relative size of a and A. 
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The space Yx[I] is a weighted sum of an space and an DU^ space. In Case 1 we will 
estimate the cubic term only in L^. In Case 2 we will estimate the cubic term in both 
and DU^. The estimates in either spaces are good enough to complete the argument, and 
hence there is some redundancy. Nevertheless we find it instructive to do the extra work, as 
it shows that that this argument does not break at s = — 1/4. 

We remark, though, that in order to continue it below s = —1/4 some extra care is required 
as the balance of the spatial scales changes. We also remark that this difficulty disappears 
exactly at s = —1/4, when all spatial scales coincide. 

Case 1: max{Ai, A2, A3} ~ A. This case imposes no restrictions on s beyond s > —1/2. 
Instead it makes the arguments for the length of the time intervals in our X^, ^g, and 
Y^;g norms precise. In this case we restrict ourselves to the bound. Using duality and 
(HI]) we obtain 

\\XiUx,Ux^Ux.,\\l2 < \\ux,\\v2[I]\\ux.,\\v^I]\\ux-Mv^[I] 

< {XiX2hy'\\ux^\\xi\\ux2\\xi\\uxs\\xi 
For intervals I of size |/| = A^** this gives 

||i^A(^^Ai^^A2^^A3)l|y([/] < {XiX2X3)~'\^'\\uxAxi\\ux2\\xi\\ux-AxX 

where the Ai^2,3 summations are straightforward. 
For the estimate in we observe that 

||XjX/^a('«Ai^^A2^^A3)||l2 < - \\x^XiU\^ux:,ux.,\\l^. 

If A ^ A then the same argument as above applies since the square summability with re- 
spect to time intervals is inherited from ux^^^- If A ~ A then we apply the argument to 
dxiuxiUx2Ux-i)] then the square summability with respect to / is inherited from the differen- 
tiated factor. 

Case 2: {Ai, A2, A3} = /i} with A <^ /i. We subdivide this as follows: 

Case 2(a): A ~ a ^ /i. This case and the next is where we gain most from the local 
energy decay bounds. This case requires no explicit restriction on s beyond s > —1/2; 
instead it determines the power of A in the DU^ component of and Yi^. We remark 
however that for the argument below it is important to know that the frequency fi spatial 
scale is larger than the frequency A spatial scale; this breaks down for s < —1/4 therefore 
the above mentioned power of A would have to be adjusted for such s. 

The placement of the complex conjugates is irrelevant here, therefore we let, say, Ai = a. 
We decompose each of the factors as 

"A, = ^ux,,j, ux,,j = PxAxfuxJ 

preserving the frequency localizations. The spatial localizations are not preserved but the 
tails are negligible, 

(58) Ix^nxJ < IA^-jT'^A-^IIx-'waJU^l^, \k - j\ » 1 
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For J G Z and |/| = A'** we define the localized trilinear expressions 

fi,j ■= Xiux^jux^uxs = Xiux^j X] X] ^^'^^2,fc2 ■ Xi'UxsM 

I'ci kiM 

Due to the above mentioned ordering of spatial scales there is some unique (up to 0(1)) 
^ = so that the supports of xY ^"^^ Xk '^ overlap. We will first bound Pxfij in L'^- 
Using dlH]) and duality we obtain 

, 1 U'N/i"" II II II II 

where the rapid decay away from when /c2,3 = k{j) is due to ( 158|) . Next we use Cauchy- 
Schwartz with respect to /' and then sum with respect to to get 

(59) WPxfijL^ < \'^fi~^~^'\\x^ux,\\ui[i]\\ux,\\xiJuxJxx,^ 

The square summability with respect to space or time intervals is inherited from u\-^ , so we 
conclude that 

(60) \\Px{ux,ux^ux,)\\yi < X^~^^'f^^^^^"\\ux,\\xx\\ux^\\xiJuxJxi^^ 

and similarly for the norm. The summation with respect to A and /i is straightforward. 

We remark that this approach gives a better bound for high modulations but works only 
when s > —\. However, the estimate in DU"^ shows that there is some room beyond 
s = -1/4. 

/,From fHHj) by duality and fl58|) for the tails we obtain 



U'\=f^^" II II II II 

up f u < -111 A II lFA2,fc2llf/i[/'] l|WA3,fc3llc/i[/'] 

\\P.hAuvi,n<i^ h kk.-k{f)Y{k,-k{^Y- 

After Cauchy-Schwartz with respect to /' and k^^ ks summation we obtain 
(61) \\Pxfij\\Dvl[i] < f^~'~^'\\XjUxAui[i]\MxiJux.Axi,^ 

Comparing this with flS^ we see that flM?]) is stronger at modulations > Xfi while (16 ip is 
stronger at modulations < A/i. Precisely, from flS^ we obtain 

\\Q>X,PxfljYM < X'^''\\Q>X,PxfljDUl 
<X'/''-''fl~'/'\\PxfljL^ 

> ^ ~l\X]UxAul[i]hx2\\xiJux-Axi,^ 

'f^''^'^\XjUxA\xx[i]hxAxiJux-Axi,^ 

while from ( 16T]) we have 

\\Q<x^,PxfI,j\\Y^ < login/ \)\^+'^'n'^~^'\\x^ux,\\xiii]\\ux2\\xiJ\ux,\\xi,^ 

where the logarithmic loss is due to the number of dyadic regions between modulations A^ 
and A/i arising in the conversion of the DV^ norm into a DU^ norm, see (1311) . 
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< j)^l+2s ,,-l-2s|U,A„ 

< \l+3s, -l-2s|U,A„ 



Again the square summabihty with respect to spacqj or time intervals is inherited from 
mai, so we obtain an improved form of (160|1 . namely 

(62) \\Pxiux,ux,uxMYi ^og\^jJ\\ux,\\xi\\uxJx 

and similarly for the l^^g norm. Thus s > — is more than enough. 

Case 2(b): a <^ A <^ /z. This case is similar to the previous case in that the local energy 
norms give a crucial gain in the estimates. This case is also different from the previous 
case in a fundamental way, namely that the interaction is nonresonant. Precisely, either the 
output or at least one of the inputs must have modulation at least Xfi. In the latter case, 
there is a further gain due to our definition of the X* respectively spaces. Unfortunately, 
this gain disappears as a gets small, so we cannot take good advantage of it, and instead we 
end up repeating the arguments of Case 2(a). 

Again the placement of the complex conjugates is irrelevant, so we let Ai = a. However 
we readjust the definition of //.-,• to 

fi,j = XiPxAx^ux,)ux2Uxs 

using the larger spatial scale Sxx instead of 6xa for the cutoffs. Using a dual form of flSUj) as 
well as fISS]) for off-diagonal tails we obtain the trilinear bound 

I^'Nm"*" II II II II 
iiD/ II ^ • r i n\i -ill A II W^XiMllulli'] W^J-XsMWuIII'] 

\\Pxfr„h^<m.n{a^X ,^A}X^, HIx,-aJ|.. ^ ^ ^k, - kU))- {k, - kU))- ' 

On the other hand from (!52|) by duality we obtain 

l^'l=M*' II II II II 
, II ^ • r i n -111 A II W^XiMWuimWuXaAiWulli'] 

||i^A//,il|w2[/] <mm{a2A ^2^1}^ \\x,uxA\ul[i] 2^ 2^ (fc^ _ fc(j-))jv _ • 

Using the former for modulations > A/i and the latter for smaller modulations we obtain 
\\PxfiJ\Y,[i] < log(A//i)min{«h"V^l}A'+V 

(63) II A II '^v^ W^^^mWuIii'] hxsMWujli'] 

X Wx.uxAuli, 1. (^k,-kij))-{k,-k{j))-- 

After Cauchy-Schwarz with respect to /' this gives 

||^A//,il|y;,[/] < log(A//i)min{a^A-Vil}A^+2>-^-2"||XjnAj|c72[^]||nAj|x^_,J|^^A3llxx^,^ 

The square summability with respect to spatial intervals is inherited from uxi , so we conclude 
that 

(64) 

\\Px{ux,ux2Ux,)\\yi < log(A//i)min{a5A~V^ ^}(^^'^^^^'f^^^~^'\\uxA\xi\\ux2\\xx J\uxJxi,^ 
The summation with respect to a and fi is straightforward. 



^Herc, as well as in all the other cases, we want to use the second bound in pSI) rather than (p4)) . so the 
spatial summation must precede the DV^ to DU^ conversion. 
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The local energy Y^i^ estimate does not pose additional difficulties. We first estimate the 
frequency a factor in f l63|) by 

WXjUxAu'ill] ^ ""'II^AilU^ 

Then we sum over all / C [0, 1] and use Cauchy-Schwarz with respect to /' C [0, 1]. Thus 
the time interval summation is inherited from the highest frequencies, and we obtain the 
same constants as in f l64p . 

Case 2(c): A ^ a <^ /i. In this case, as a increases, the usefulness of the local energy 
norms decreases. The interaction is still nonresonant, i.e. either the output or at least one 
of the inputs must have modulation at least A/i. However, this time we can fully exploit the 
gain coming from the better bounds for high modulation inputs. On the other hand if the 
output has high modulation then we get to use the better constant in f HOj) (compared to 

m)- 

Again the placement of complex conjugates does not matter, so we let a = Ai but we 
return to our original notation in Case 2(a), 

fl,j ■= Ux^jUx^Ux^ 

We claim that the following bound holds for |/| = A^*: 

(65) \\P\fiA\Yx[i]<C sup Wx'^ux^lx^iv^Wx.AxiJWx-Axi^^ 

I'CI, \I'\=a'^'' 

where C = C(A, a, /i) is given by 

C(A, a, fi) = \og{fi/X)X^+^'fi-^-^'{X'^a-^ + a'^-^' min{l, A^a~V^})- 

Here the second term is at most as large as the first if s > —1/4 and could be omitted. Using 
( 165|) we conclude the proof in this case. For the local energy decay norm Y^^^ we square sum 
over / C [0, 1] and inherit the square summability from ua^, so there is no further loss; we 
obtain 

aI 

\\Pxiux,Ux,Ux,)\\Yl,^ < log(/i/A) ,,J \^^i IUa,. II«A2 IU^,^ II^Aa lU^,^ 

For the norm we square sum over j in (165|) . The j summation is inherited from Vx^', 
however we cannot interchange the I' supremum with the square summation in j. Instead 
we relax the supremum to an P norm, which allows us to interchange norms but causes an 
(a/A)~^* loss in the I' summation. This yields the worse bound 

\\Px{ux,ux^ux^)\\yi < log(^/A) , \\uxi\\xi\\ux2\\xxJ\uxAxi,^ 

It is easy to check that the a and fi summation is favorable since s > —3/10. 
We now prove ( l65l) . We begin by writing 

fl,j '■= ^ X/^AiJ^^A2,fe2^A3,fc3 

The off-diagonal terms where k2 or are away from k{j) are estimated directly as in Case 
2(a),(b) using the rapid decay in f l58|) . It remains to consider the diagonal contribution which 
we write as 

fid ■= XiUxujUx2,kUxs,k, k = k{j) 
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We actually obtain a finite sum of such terms, which we suppress in the notation. 
We consider a time interval decomposition of ffj, 

fi,j = ^I'^^iJ Xi"Ux2,k ■ Xi"Ux,,k ■■= 

I'd V'cv r'ci 

Since we will use modulation truncations which are nonlocal in time, for the rest of the argu- 
ment we extend each of the three factors above to solutions to the homogeneous Schrodinger 
equation outside I' resp /". A key reason for working with these extensions is that they sat- 
isfy better high modulation bounds than the original interval localized functions, see fl23|) . 
Recalling that Ej is the extension operator for the interval J we define the extension /|„ j 
of by 

fi",j = Ei>{ux,j)Eriux^,k)Er'{ux,,k) 
For fp, J we establish a global bound, as well as a stronger low modulation DV^ estimate; 
the balance between these two bounds is at modulation afi. For the bound we recall that 
( H9|) holds on the whole real line. Hence we obtain the estimate 

(66) \\Pxfl"j\\L^ ^ '^^/^~^ll'"Ai,j||)72[//]||MA2,fc||;72[///]||'UA3,fc||f/2[/"] 

Next we consider the low modulations Q<^atJ.Pxfi" j- Since we are in a nonresonant case, this 
is nonzero only if one of the three factors has high modulation (> a/i). But for the high 
modulations we have better bounds. We write 

Q<,aiiPxfi» = Q<^a^iPx{gI"J + Qr'j + 9r',j) 

where 

9i",j = Q>afiEpUxj^,j ■ Ei»ux2,k ■ Ej/fUxs,k, 

dp/j = Q^a^ErUx^j ■ Q>a^iEl"UX2,k ' Ei"Ux.j,k, 

dr'j = Q^anEpUx^j ■ Q<^afiEl"UX2,k ■ Q>a^lEI"Ux3,k, 

We will only consider the first term g]„ ■] the analysis for the other two terms is similar but 
the result is better since the high modulation gain of a~^~^^ is replaced by 

For the high modulation truncation we use the bound in ( 123|) . Then by (!50|) and duality 
we estimate Pxg}„ j as 

\\P\9l",j\\DVl ^ Ci\\Q>a^EpUx^,j\\L2\Wx2,k\\u'^[I"]\Wxa,k\\u^I"] 

< Cia" (a/i) " 5 1 1 J- 1 1 [/'] \\ux2,k\\u^ [/"] \\uxs,k\\u^ [/"] 

with Ci = min{/i^a~^A^, l}n~^a^. Adding the similar bounds for Pxgj,, ■ and Pxg^i j we 
obtain 

\\Q<^af,Pxfl"j\\DVl ^ Cia~^~^''fi~^\\ux^,j\\x^[i']\\ux2,k\\x^ii"]\\ux3,k\\x^[i"] 
We combine this with the high modulation control derived from ( 166|) to conclude that 

(67) \\P\fl",j\\DVl ^ C2\\uXi,j\\xxir]\\^\2,k\\xx[I"]\\uX3,k\\xx[I"] 

where 

C2 = Cia 2 2 + A2/i 2 
21 



Since neither (166|) nor (1671) contain modulation localizations, we can truncate both of them 
to the interval /" and obtain the similar bounds for ffn y Given the definition of the Y\ 
space, from fl66l) nor fl67|) for ff,,- we obtain 

(68) Wfr'jh^ ^ l0g(/^A)A^ + ^'C2||MAij||x;.[/']|kA2,fc|U;,[/"]|kA3,fc|U;,[/"] 

where the logarithmic factor counts the number of dyadic regions between modulations 
and a/i arising in the transition from DV^^ to DU\. Since C = log(/i/A)A^^^'^/i~^*C2, the 
bound (I^Sj) follows from (168 p after summation over I" C /. 
Case 2(d): A < a ~ /i. 

For the most part this case is identical to Case 2(c). The interaction is still nonresonant, 
i.e. either the output or at least one of the inputs must have modulation at least fi^. The 
high modulation output bound is unchanged. We have singled out this case because of a 
peculiarity which occurs when the middle (conjugated) factor is at high modulation (see fl55|) 
and (l56l) ). This leads to a constant Ci = (A//x)4 in the bound for gji^j, which in turn yields 
a constant C in the counterpart of fl65l) of the form 

C(A, /i, /i) = log(/i/A)(A^/i-i-2^ + /i-i-2>-''''(A//i)^) 

The first part is as in Case 2(c), but for the second we need to sum up with respect to fi in 
the expression 

log(^/A)Ai+3V"^(A/^) V"'>^'"'^(AA)^ = log(/i/A)/i^^+lAt+5- 

which is favorable since s > —9/28. We note that this is the worst among all cases we have 
considered. □ 



6. The energy conservation 

In this section we study the weighted energy conservation for solutions w to ([1]). In order 
to keep the notations and the exposition as simple as possible, here and in the next section 
we will restrict ourselves to the endpoint case s = — |. This suffices in order to obtain the 
if^ energy estimates and to fully prove Theorem [H but not the space-time estimates @ for 
s > — |. The arguments here can easily be adapted to all larger s. The main result here is 
Proposition 16.21 which will be used in the last section of the paper to prove the first part of 
Proposition 11.61 namely the bound ( |T71) . 

Given a positive multiplier a we set 

Eo{u) = {A{D)u,u) := \\u\\Ha 
For the straight energy conservation it suffices to take 

However, as in [12], in order to gain the uniformity in t required by (l24l) we need to allow a 
slightly larger class of symbols. 

Definition 6.1. a) Let A > 1. Then S\ is the class of spherically symmetric symbols with 
the following properties: 
(i) symbol regularity, 

i5Moi<«(0(A'+a""/' 
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(a) decay at infinity, 

a{o > (A' + er'^' 

and 

is nondecreasing. 

b) If a satisfies (i) and (ii) then we say that d is dominated by a, d & S{a), if 

<a(A2 + e')""/' 

with constant depending only on a. 

_i 

For such symbols a we denote by X°' respectively Xj^^ the spaces defined as " respec- 

tively X^ but with the symbol (A^ + A^)"* replaced by a(A). Here the spatial and temporal 
scales are the ones corresponding to s = — |, namely 5x = 1, 5t = . 
We compute the derivative of Eq along the fiow, 

^Eo(n) = i?4(n) = 2'R{iA{D)u, \u\\) 

(JjV 

We write i?4 as a multilinear operator in the Fourier space, 



R^{u) = 23? / ia{i,)u{i,)u{i^)u{i^)u{i-,)da 
J Pi 

where 

P4 = {eo + ei-6-e3 = 0} 

This can be symmetrized, 

Ri{u) = \'^ I + a{ii) - 0(^2) - a{i:,))u{io)u{ii)u{i2)u{i^)d(T. 

Following a variation of the /-method, see Tao [T3]-3.9 and references therein, we seek to 
cancel this term by perturbing the energy, namely by 

^i(n)= / 64(^0, ei, 6, iz)Ki^)Kix)n{i2)u{i^da 
J P4, 

To determine the best choice for 64 we compute 

jE,{u) = tb.i^o, ^1, 6, ^3^0 + ^1 - ^2 - ^!momim2)m)da + R,iu) 
where Rq^u) is given by 

R,{u) = m [ ^&4(eo, ei, 6, ^3)\^{^o)H^i)m)m)d(T 

^«o+6-6-6=o 

To achieve the cancellation of the quadrilinear form we define 64 by 

(69) 04(40,6,6,^3) = 72~72 72 72 (40,6,6,43) e A- 

4o + 4i 42 43 

Summing up the result of our computation, we obtain 

(70) ^{E^{u) + E^{u)) = R,{u) 

at 
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We integrate this relation to estimate Eq{u) = WuWjja uniformly in time: 

Proposition 6.2. Let a G ^a. Then for any solution u to ^ in the time interval [0, 1] 
we have 



(71) ^ ll^0||fi-» + ||M||^ooJ^a||u||^ -1 + II'^IIXTIX" ll^ll'^ -1 -1 



The proposition follows directly from the bounds for Ei{u) and of Rq{u) in Lemmas 16 ■4[ 
16.51 below. The aim of the rest of this section is to prove these two lemmas. 

In order to estimate the size of Ei{u) and of R&{u) we need to understand the size and 
regularity of h. A-priori h is only defined on the diagonal P4. However, in order to separate 
variables it is convenient to extend it off diagonal in a favorable way. The next lemma is a 
more precise version of a similar result in [12]; the additional information is needed for the 
proof of the local energy decay estimates in the next section. 

Proposition 6.3. Assume that a ^ S\ and d G S{a). Then there exist functions 64 and C4 
such that 

+ c4(eo,ei,6,e3)(eo + 6-6-6) 

which for each dyadic 

(72) A < a < Co ~ A, 6 ~ a, 6, ^3 ~ 

satisfy the size and regularity conditions 

|9o*9f 92^^9^64(^0,^1,6,6)1 < a{\)a'^^^-'\-^^^a-^-^^-P^-^^ 
|#9^92^^9f^ 04(6,6,6,6)1 < a{X)a-^\-^^a-^'^^^-^^-^^ 

with implicit constants dependent on the Pj's but independent of X,a,fi. 

Proof. We first note that we have the formula 

(74) eo + 6' - 6' - 6' = 2(6 - 6)(6 - 6) - (6 + 6 - 6 - 6)(6 - 6 - 6 - 6)- 

In particular we obtain the factorization 

6' + 6' - 6' - 6' = 2(6 - 6) (6 - 6) on p, 

along with all versions of it due to the symmetries. It suffices to construct 64 and C4 locally 
in dyadic regions, and then sum up the results using an appropriate partition of unity. We 
consider several cases: 

(a) A <^ a < /i. Then 6,6 ~ A* 16 ~ 61 ~ Then the extension of 64 is defined 
using the formula 

, , , , , _ ^(6) + c/(6) - ^(6) - djCs) 

04^0,?!, ^2, ?3j - ^77 ^-T77 ^-T • 

^UO - C,2)[C,0 - C.3) 

Its size and regularity properties are straightforward since |6 ~ 61 ~ ^'^^ 16 ~ 61 ~ Z^- 
By dZH) we obtain 

^(6) + ^(6) - d{^2) - dj^s) - + ii - ii - a) , , 

C4 — T — — — 04(^^0 - Q - « - ^3j- 

■^O + Q — '52 — « 

The bounds for C4 are also obvious. 
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(b) A ~ a ^ /i. Then l^ol, |^2| ~ « and |^3| ~ /i. We define the extension of 64 using 
the formula 

04^0; 'SsJ — TTF? TVF? + 



2(^0-6)^-6) 2(6-6)(6-6) 
and, as above, 

dj^o) - rf(6) , , , , , d{^,) - d(6) . . .^ 

C4 - 7777 ^-TTT r~^y^O -C.l-t.2- C.3) + 7777 rT77 - to- tl- ?2j 

Again the estimates are immediate. 

(c) A ~ a ~ /i. We define the extension of 64 by 

d(ei)-rf(6) , ^^(6)-c?(6 + (eo-e3)) 



^4(6, 6, 6, 6 



2(6-6)(6-6) 2(6-6)(e3-ei) 

g(ei, 6) ^ g(6 + (6 - 6), 6 + (6 - 6)) 



2(6-6) 2(6-6) 

where q is the smooth function 
Then 

C4 = 64(6 - 6 - 6 - 6) 

and the estimates follow immediately. □ 

Using the above lemma, the contribution of Ei to the energy is easy to control: 
Lemma 6.4. Assume that a E S^. Then 
(75) \Eiiu)\<Eoiu)\\uf 

Proof. The proof is easier than the proof of the more essential result below. Nevertheless 
it introduces some useful techniques. We expand the quadrilinear expression in the dyadic 
frequency components. Then for A < a < /i we consider the expression 



(76) 



J 64(6, 6, 6, 6 + 6 - ^2)UxU^UaUi,d^od^ld^2 



where the ranges of the 6's are as in ( 1721) . In this range we can express 64 in the form 

(77) ^4(6, 6, 6, 6) = a(A)a^V"^'7(6/A,6//^,6/«,6//^)- 

where 77 is compactly supported and smooth with bounds independent of A, a and fi. 

Due to fl73l) we can expand 77 into a rapidly convergent Fourier series. Since complex ex- 
ponentials are products of complex exponentials in the coordinates, and since multiplication 
by a complex exponential of the Fourier transform corresponds to a translation in x space 
we can separate variables and reduce the problem to the case when 64 is simply replaced by 
a(A)A~^a~^. Then using Bernstein to bound the low frequency factors in L°° we obtain for 
the expression in ( 1761) 



(175]) = a(\)a ^fx ^ j u\Ufj_UaU^dx < a{\)\^a 2/i ^\\u\ 



L'^\\Ua\\L'^\\Ui_,\\L2\\U^\\L2 
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— 1/2 

We estimate the high frequencies in iJ^ and sum with respect to A, a and /i. □ 

The more difficult result we need to prove is 

Lemma 6.5. Assume that a E Sa is as above. Then we have 



(7J 



Rs{u)dxdt 







< Il7/I|2 ||„||4 



Proof. We consider a full dyadic decomposition of all factors and express the above integral 
in the Fourier space as a sum of terms of the form 

^0 J Pe. 



where 

Pe = {6 + 6 + 6 = 6 + 6 + 6}, 6 = 6-6 + 6 

For each of the dyadic factors U\- we will only use the U\ norm, which is controlled as in 



As in the previous lemma, since 64 is smooth in each variable on the corresponding dyadic 
scale we can expand it into a rapidly convergent Fourier series. This allows us to separate 
variables and reduce the problem to the case when 64 has separated variables, 

^4(6,6,6,6) = «(A)a"V"'x'(6)x'(6)x'(6)x°(6) 

where Xi^ ^ire unit size bumps which are smooth on the respective dyadic scales and 
{Ai, A2, A3, Ao} = {A,a,/i,/i}. By definition are bounded in the X\ spaces, there- 

fore we can discard x^i ^ind ^^id incorporate x° into Pxo- 

Similarly to above we may expand the Fourier multiplier rj for Px^ into a Fourier integral. 
We obtain for a Schwartz function p 

Vi^o) = I p{y)e'^°^'^°dy 



Since in the domain of integration for K we have 6 = 6 — 6 + 6, "^g can separate the 
exponential into three factors which can be harmlessly absorbed into ua^, and u\.^. Thus 
we may as above simply drop Paq whenever we wish to do so. We discard Pao if -^o is large. 
On the other hand, if it is smaller than A4, A5 and Ag then we keep it to get better estimates. 
The disadvantage in that case is that Pq prevents us from using bilinear estimates for 
factors located across P\^. To summarize, we have reduced the problem to the case when K 
has the form 

ir = a(A)a~V^^ / / ux^Ti^UxsPxo{u^Ux,Th^)dxdt 



JO JR 

where we have the additional freedom to discard Px^ as needed. The placement of the 
complex conjugates is irrelevant here therefore we may always assume without any restriction 
in generality that 

Ai < A2 < A3, A4 < A5 < Ag. 
It is also convenient to reorganize the indices in an increasing fashion 

{Ai, A2, A3, A4, A5, Ag} = {pi, P2, fJ^s, /i45 /^s, /^e}, ~ /^e 
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We also recall that A, a and /i are given by the increasing rearrangement 

{Ao, Ai, A2, A3} = {A, a, /i, yu} 

The " norms involve space and time localizations. We will disregard those at first and 
consider the simpler question of estimating the integral 

uxJI^ux,, Pxo (ux^ux^ux^) dxdt 

in terms of the f/^ norm of each factor, 

6 

(79) l-^l ^ C*!. n II^Aj(/i 5 C'l = C'l(Ao, Ai, A2, A3, A4, A5, Ae). 

i=i 

In all cases C will have a polynomial dependence on the A's and a zero order homogeneity. 
Before we set to the task of estimating C in all the cases, we consider the simpler question 
of the transition from the estimate for L to the estimate for K. Precisely, we claim that (17^ 
implies that 
(80) 

Compared to Cl, the constant Ck contains the additional trivial frequency factors coming 
from the Sobolev regularity, plus the more interesting factor {fiifi2)^ coming from the time 
interval summation. For Ck we want to have Ck < 1, plus some additional off-diagonal 
decay to allow for the summation with respect to all A/s. We remark that since s = — |, 
Ck has homogeneity zero if a is homogeneous, therefore we do not have room for any losses. 

We now prove that ( 1791) implies ( IHOl) . For convenience we simply omit the prefactor 
a(A)/(a/i) in K, which plays no role here. We decompose each factor ux^ in space on the 
unit scale and in time according to the Stx^ ~ ^J^ scale, while preserving the frequency 
localization: 

\ij\=xj^kjez 
Then K is decomposed into 

where 



Jo Jr 

For these components we claim that we have 

6 

(81) \K{{I,), {k,))\ < (1 + max \h - A:,|)-^C^ H H^^^."^. H^^I^.l 
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If max\ki — /cjl < 1 then this follows directly from (179|) . Otherwise we further decompose 
K{{I,),{k,)) as 

For each A; G Z we can find some j so that \k — kj\ > maxj/cj — kj}. To keep the notations 
simple let us take j = 1. Then we apply the bound fl58|) to XkU^x^ this shows that 

\\P^^XkU^x^,k^\ul ^ A^^^^^(max{A;, - kj} + \k- A;i|)"^||Xfci^Ai ||c/2 [/i] 

Hence (IHTl) follows by applying ( 1791) to each of the terms in the above sum after a summation 
with respect to /i and k. 

We obtain the bound for K by summing (1811) over the nested intervals Ij and kj. We 
switch the frequencies to the notation. Using the fact that /i5 = /xg and therefore I5 = Iq, 
by Cauchy-Schwarz we obtain 



6 



1^1 ~ j2^i+max\ki-km\) ^n^^/'^ii^^^-^'^^iif^At^.in ziii^^^^/^^iit^it/.] 

{ki} 3 = 1 ' j=5 \ I, 

2 / \ 5 4 6 



2 / \ 6 

S 

k 



1 

2 / \ ^ 6 



(a(/ii)a(/i2)) 2(/i3/i4/i5/i6)3(/ii/i2)2 JJ ^ I|m^Jx« n 



Thus flHOj) is proved. It remains to estimate the constant Cl in f l79|) . We need to distinguish 

two cases: 

Case A. Aq > /i2- In this case we must have A > /ii, a > ^2 and > /is. We claim the 
following bound 

(82) CL<{liili,y^lit 

This is not optimal in many cases, but it suffices for our purposes. In particular by (1801) it 
implies that 

Ck < ^^^i^^^(/ii/X2)Ma(/ii)a(/i2))-5/i|/^>6' < ^^4-^ ^ < 1 

^6 /^2^3 /i2V^(/^2) ^4 

Note that we have rapid decay off the "diagonal" Xq = fii = f^2 = f^s = f^4 = f^b = fJ'G, which 
suffices for the dyadic summation. 

To prove ( l82l) we drop Paq and we consider three subcases: 
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Case Al. ^3 fiQ. Then we can use two bilinear and two Bernstein to obtain the 
stronger bound 

Cl < (/il/i2)^/i6^ 

Case A2. /ii <^ /i3 ~ /ig. Then we we can only use a single bilinear bound, one 
Bernstein and three bounds to get 

1 _ 1 

which still implies ( l82ll . 

Case A3, fii ~ /ig- Then we simply use six bounds to show that Ck ^ 1- 
Case B. Aq ^ fi2- In this case we claim that the following bound holds: 

(83) Cl < Ao/i^/ig ^ 

To see that this suffices we consider two cases. If Aq ^ /ii then we have A = Aq, a > /ii and 
/i > /X3. Then by (IHOj) we obtain 

. 1 

Ao a{\o) 1 1 i i i Aoa(Ao)VAiia(/ii)/i2 

On the other hand if yUi < Aq ^ yU2 then we have A > /ii, a > Aq and // > /is- Then by fISUl) 
we obtain 

^ 1 

Ao a(/ii) 1 1 i i i V/iia(/ii)/i| 

<^i^ ^ (/^i/^2)H«(/^i)«(/^2)) 2/^3»6 < / , s — < 1 

In both cases we have decay off the expanded diagonal Aq = //i = /i2 = /is = /i4, fi5 = /ie, 
which still suffices for the dyadic summation. 

It remains to prove the bound (j83l) . If Aq <C /i2 then we must have Aq -C A2 = A3 and 
= Ag. By symmetry we can assume that Ag = /ig- Then we have two cases to 

consider: 

Case Bl. A3 > fi^. Applying twice (1571) we have 



1 1 



\\Pxo{u\^ux2Ux,)\\l'^ < A|A3^ Yl II^aJc72, ||PaoK4^A5^A6)I|l2 < Aq^Aq' JJ hx.Wui 

which imply fl83l) . 

Case B2.A3 ^ /i4. Then the frequencies must be ordered as follows: 

Al < A2 = A3 < A4 < A5 = As 

The key observation here is that, regardless of the presence of Px^, the multilinear interaction 
in L is nonresonant, i.e. at least one of the factors must have high modulation > A4A6. This 
is similar to the proof of f l52p . For the following argument it does not matter which is the 
high factor modulation factor. To fix the notations we assume this is the A4 factor; this is 
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actually the worst case. Then we write 

1^1 ^ Ao||mAiMA2MA3||l4li||(5>A4A6MA4MA5MA6||^4^i 

^ Ao||nAj|L°°L2|l<5>A4A6^A4lU2 Y\_ ll%IU»i* 

i=2,3,5,6 

6 

< Ao(A4A6)-^nil^^llf^i 
This gives ( l83l) in this case, and concludes the proof of the lemma. 

□ 



7. Local energy decay 

In this section we consider the weighted local energy decay estimates for ([T]). Our main 
goal is to prove Proposition 17. 5^ which is the local energy counterpart of Proposition 16.21 in 
the previous section. Proposition 17. 5^ together with Proposition 16. 2^ will be used in the last 
section to derive the second part of Proposition 11.61 namely the bound (fT8|) . To keep the 
argument as simple as possible, in this section we only consider the extreme case s = — |. 
The benefit of doing this is that at s = | we can work with the same unit spatial scale for 
all frequencies. 

Let (f) be an odd smooth function whose derivative has the form 0' = ip"^ where is 
positive, with rapidly decaying and with Fourier transform supported in [—1, 1]. Let a be as 
in the previous section. We define an odd monotone smooth function a G S\{a) by 

a(0 if ^ > A 

-a(0 ife<-A 
A-V(0 if|ei<A/2 

and consider the indefinite quadratic form 

If 

Eq{u) = - {(j)a{D) + a{D)(j))uudx. 



2 _ 

A small modification of the calculation of the previous section gives 

at 



where 



and 



=i{{{<pa{D) + h{D)4>)u^^, u) - HMD) + h{D)4>)u, u^^) 
= {{(j)'a{D) + d{D)(f)')Du, u) + ((0 a(£') + a(D)0')M, Du) 

Ri{u) = 25R(z(a(D)0 + 4>d{D))u, \u\^u) 



The term R2, which was zero in the computation of the previous section, has a positive 
principal symbol and will be used to measure the local energy. 
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We now turn our attention to the quadrilinear form R^. In the Fourier space we represent 
this term in the form 

Mu)= /" 0(x)e*^« / ^mo-0 + a{Co)HCo)H^l)W2m3}d^^d^dx 

Jm. J Pi: 

Jr Jp/: 

where 

^ = {^0 + ^1-6-^3 = ^} 

and the symbol is obtained by symmetrizing the symbol a{^o — + d{C,o). We can view 
this as a function of with a smooth dependence on the parameter ^, which is invariant 
with respect to the symmetrization. Here we only need uniformity with respect to in a 
compact set [—1, 1]. Hence we can apply Lemma [6.31 keeping ,^ as a parameter, in order to 
represent the symbol 04 in the form 

54 = ^4(^0 + ei - ^2 - el) + 54(^0 + 6 - 6 - 6) = neo + - - Q + 

where 64 and £4 are viewed as functions of ^q, ^i, ^2, ^3 and ^ which are smooth in ,^ in a 
compact set and are smooth on dyadic scales ~ Xj and have size 

a{X)a~^ fi~^ , £4 ~ a(A)a~"'^, {Aq, Ai, A2, A3} = {A, a, /i, A < a < 
This leads to a decomposition 

Ri{u) = B^{u) + Ci{u) 
The C4 term is better behaved, as one can see in the following integration by parts: 

C,{u)= j 0(x)e^^«e^ ^£4(^0, ei, 6, ^3, On{ii)u{i2)u{^3)u{U)di^di2di3didx 

/(x)e"« / 04(^0, ^1, 6, ^3, C)u{^o)u{^i)u{^2)u{^3)diid^2d^^dxdidx. 



We will estimate directly. For the i?4 term, on the other hand, we introduce an energy 
correction 

E^{u) = j 0(x)e*^«^ 64(^0, 6, 6, 6, Ou{^o)u{^i)u{i2)u{i^)diidi2di3 d^ dx . 



Then 



dt 



where Rq{u) is given by 

i?6H = 23? j 0(x)e"«y|^ ^^4(^0, 6, 6, i3)'^{i^)mi)u{i2)m^)di,d^dx 

With all the notations above, our full energy relation reads 

^(Eo(n) T E,{u)) = R^iu) ± ^4^ t M^) 
dt 
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where the choice of the signs depends on the focusing or defocusing character of the problem, 
and plays no role in our analysis. Our goal is to use this relation to estimate the time integral 
of R2{u), which in turn controls the local energy. Integrating between and 1 we obtain 



^4) 



R2{u)dt= {Eq{u) T E^{u)) 



Ci{u)dt± / RQ{u)dt 



Following the steps in the previous section we bound the terms on the right. We begin with 
Eo and Ei: 

Lemma 7.1. Let a E Sa and d, (p as above. Then at fixed time we have 



(85) 

respectively 
(86) 



Eo(u) 



\E^iu)\ < Eoiu)\\u\ 



H 



-1/2 



Proof. The proof repeats the proof of Lemma 16. 4[ One begins with a Littlewood-Paley 
decomposition. Separating variables the symbols d and 64 can be replaced by their sizes 
for each dyadic piece. Once this is done, we observe that, since (p is bounded and has a 
compactly supported Fourier transform, it can be harmlessly included in either factor and 
discarded. The proof is concluded as in Lemma 16.41 □ 

We continue with the bound for C4: 

Lemma 7.2. Let a E and d, cf) as above. Then 



Ci{u)dt 



< 



\u\ 



\u\ 



'X 



-1/4 



nx; 



-1/4 



This result does not have a counterpart in the previous section, and requires a complete 
proof. In order to keep the argument fluid we postpone the proof for the end of the section. 
Finally we have the bound for Rq: 

Lemma 7.3. Let a E Sa and d, (p as above. Then 



(88) 



RQ{u)dt 







<" II IM II l|4 

ll'"llx<»ll'"lljY-l/4- 



Proof. The proof repeats the proof of Lemma 16.51 Since has compact support, it does 
not affect any of the dyadic frequency localizations. Since is bounded, it does not affect 
any of the bounds. Finally, since is time independent, it does not affect any of the 
nonresonance considerations in Case B2. □ 

Finally, we turn our attention to R2. Since (p' = ip^, we can rewrite R2{u) in the form 

R2{u) = \\ij{Dd{D))^u\\l2 + (r2'-(x,D)n,n) 

where, by a slight abuse of notation, (cp' {Dd{D))^ stands for the smooth odd square root, 
and the operator r^'"" accounts for the lower order terms, with its symbol satisfying 
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and hence it has a a neghgible effect 

(89) \{r^'^{x,D)u,u)\<E,{u). 
Thus we obtain 

Lemma 7.4. The quadratic form R2 satisfies the bound 

(90) \\ij{DaiD)f2u\\l, < R^iu) + cEo{u). 
Talcing into account the last four lemmas, we have proved that 

UiDdm^Mlhdt < sup \\u{t)\\Ul + \Ht)f -1 ) + lkllx4lklli-i/4^^-i/4 + hlli-1/4). 

t ^ A,le A,le 

The right hand side is translation invariant but the left hand side is not. Hence we can replace 
ijj by i/jI' + Xq) and take the supremum over xq. But some straightforward computations show 
that 

sup^A^ia(A)||xi9^.^^A||i2([o.i]xR) < sup||?^(- + Xo)(£'a(D))^n||i2([o,i]xM) 
^ A>A ^« 

Hence we have proved the main result of this section: 

Proposition 7.5. Let a & S\. Then all solutions u to satisfy the following bound in 

the time interval [0, l]; 

(91) 

supJ]A-VA)||xA^Alli.<supl|n(t)||i4l+||n(t)f .) + ||«|||„(||«||2 , i+H^f ,). 



Proof of Lemma \7.2 We recall that 

C,{u) = - j (P'{x)e'^^ £4(^0, 6,6, ^3H^oH^iH^2)u{^3)d^jd^dx. 

We use a Littlewood-Paley decomposition for all factors, denoting the corresponding fre- 
quencies by Ai, A2, A3, A4. Since </> has compact support, we can organize the four frequencies 
as usual {Ai, A2, A3, A4} = {A, a, /i, fi} with X < a < fi. Within each dyadic term the symbol 
C4 has size a{\)a~^. Hence we can separate variables and reduce the problem to estimating 
the expressions 

cxafi = a(A)a;"^ / / cp' {x)u\Uo.u^u^dxdt 



The position of the complex conjugates is of minor importance; above we chose the most 
interesting case. The argument applies to the other case without major changes. We split 
time into time intervals / of size the interval summation is accomplished due to the fact 
that we use the local energy norms. 

Case 1: If A <^ /i then we expand each factor with respect to the Xj partition of unity on 
the unit spatial scale and use two bilinear bounds plus Holder's inequality to obtain 

\c\a^^ < a(A)a"V~^sup^ \\XiXjU\\\uA\XiXjUc\\uA\XiXjUp,\\uA\XiXjUp,\\u^ 



<a(A)2a(a) 2^ ^UmaIIx" Hm^II 1 ||m 
with an easy summation in a, A and /i. 



J- II II 1 
"^A.ie ^A,!e 
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Case 2: If A ^ A ~ /i then we use three bounds, one energy and one Holder inequahty 
in time. We obtain a constant 

a(yu)/i~2 

which is again more than we need for the summation. 

Case 3: If A ~ A ~ /i then we have an additional difficulty, because we can no longer use 
the full strength of the local energy decay. In this case we can assume that C4 is constant 
(and nonzero) so there is no help from there. In the defocusing case this term comes with 
the right sign, as in the classical Morawetz estimate. However, in the focusing case we need 
to bound it, and there is a potential obstruction which is due to the existence of solitons. 
Indeed, consider the soliton 

u = g^e"*"'*, a = A^ 

where the scale for a is chosen so that this soliton has the largest mass among the zero speed 

_i 

solitons of size less than one. 

Suppose Qe** is the normalized soliton. Then by rescaling we produce frequency a solitons 

Q.e*"'*, = aQ{ax) 

with mass cr^. Such a soliton has norm less than 1 in provided that 

A < A^^ 

Now measure the same soliton in our space X^i^. We loose A"^'^ in the time interval sum- 
mation. On the other hand we gain a/ A because of the operator in the definition of 
Thus for all a as above we must have 

This gives exactly the threshold s = —j which corresponds to cr = A^. Hence not only our 
full result (i.e. with large A ) is false for s < — |, but also the operator in the definition 
of ;g cannot be relaxed at all if s = — | . 

Then the low frequency part of the integral in the lemma has the form 

^ n IQ.l^dxdt = a{A)A'^ 

^ Jo J ^ 

which is a tight bound. This shows that s = — ;| is the actual threshold for this lemma, and 
also that in proving the lemma in this case we need to be careful about the concentration 
scale associated to the above soliton. 

We consider a further dyadic decomposition 

ua= ^ Ma 

^/X<X<A 

where also contains all the lower frequencies. Then caaa is decomposed into 

CAAA = y^CAa^, CAa^ = a(A)A~W / ^"^UxUaU^U^dxdt 

Jo Jr 

where A < a < /i are in the range [VA, A]. This is a slight abuse of notation, since A, a and 
H here are in a different range from the one previously considered. We look at several cases: 
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Case 3a: If A ^ /i then we can use two bilinear estimates to get 

\cxap,\ <a{A)A~^fi~^ lkA||t/2[/]||u„||[/2^[7]||V'«;,||[/2^[7]||^/'M;.||[/2[j] 
|/|=A-i 

For the first two factors we use the X"- norm to get a uniform bound with respect to /. For 
the second two we use the local energy norm to gain P summability with respect to /, but 
there is a price to pay, namely a A//i factor for each due to the operator in the definition 
of ;g. Using Cauchy-Schwarz with respect to / for the last two factors to obtain 



At , 

where the factor A5/a(A) is due to the normalizations of the four factors. Since /i > As 
the above coefficient is less than 1 and we have an easy summation with respect to A, a and 

/X. 

Case 3b: If A ~ /i then we cannot use bilinear bounds. To understand this difficulty 
we consider first the extreme case: 

Case 3b(i): A ~ /i ~ As. Then we neglect the local energy norms and simply use the 
energy for each factor combined with two Bernstein inequalities and Holder in time. We 
obtain 

I I < fWX-'^ II l|4 ^ ^ II l|2 II ||2 

A2 

which is favorable exactly when // = As. We continue with the last case: 

Case 3b(ii): A ~ /i ^ A2. We begin with the frequencies for the four factors. Due to 
the compact frequency support of tp, these are restricted to a unit neighborhood of the set 
Pq = {^0 + ^1 — ^2 — ^3 = 0}. We consider the dyadic scale lOOo" ~ 100 + max — The 
idea is now to produce a decomposition of C4 with respect to a. To achieve that we begin 
with a corresponding decomposition of M^. For each dyadic cr > 1 we consider the family 
Qo- of dyadic cubes Q with side-length a, indexed by their position (/cq, ^1, ^2, ^3)- Then 
we consider a Whitney type partition of with respect to the distance to the diagonal 

{^0 = ^1 = 6 = 6} 

Q' = \J Ql Ql = Q'n 

cr>l 

where for cr > 1 the cubes in Q}^ are at distance ~ lOOcr from the diagonal, while the cubes 
in Q\ are within distance < 100 of the diagonal. To this partition of we associate a 
corresponding partition of unit 

1 = Xq(Co,6,6,6) 

where xq is smooth on the cr scale for Q E Qa- This is possible since each two neighboring 
cubes in Q} have comparable size. The functions xq do not have separated variables, but 
we can separate variables as before, and, by a slight abuse of notation, assume that xq has 
the form 
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for Q G at position (/cq, ^i, ^2, ^3)- Thus we obtain a simultaneous quadrilinear decom- 
position 

where the positions ki are restricted to a range /C(cr) with the property that 

/C(ct) C -kj\< 1000, max 1^;^ - fc^l > 100, |A;o + ki - k2 - k^l < 10}, a > 1, 
/C((t) C {|A;i - A;j| < 1000, |A;o + A;i - A;2 - A;3| < 10}, a = 1. 

For each integral we can apply either the argument in Case 3a or the argument in case 3B(i). 
In both cases the summation with respect to kj is diagonal and causes no losses by the 
Cauchy-Schwarz inequality. 

For the Case 3a argument we split the quadrilinear form in two bilinear products with a 
frequency separation to obtain 

A 2 

I r 1 1 ^ II ii2 II ||2 
For the Case 3b argument we use Bernstein in a frequency intervals to obtain 



Combining the two we have 



|a-|| < min <( \ WuuWiaWuJ^ 1 



-/ - . ^ I I. A* X" . , 



We remark that the two factors balance when a = A/fi < A^. In the second case the 
frequency separation is not needed, therefore the most natural decomposition would be 
obtained by restricting a to the range A/ fi < a < A. 

Since /i > 0" and /i > A2 it is now easy to check that the above coefficient is at most 1, 
with decay off the diagonal a = /i = A2 . The proof of the lemma is concluded. 

□ 

8. Conclusion 

The final step in the paper is to use Propositions 16. 2^ 17.51 in order to conclude the proof 
of Proposition 11.61 For a G we can combine the results in Propositions 16.2117.51 to obtain 

(92) 



sup J]a(A)||n;,(t)||i.+ sup J] a(A)A-ixJ«9,.n,(t)||i2 < \\uo\\la + \\u\\1^h4M 



1 



* A>A ^ \>A 

For /i > A we apply this inequality for the symbols G given by 



A 



(93) a^(0 = /i-ni+eV/"')" 
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with small e. Restricting the left hand side in the above inequality to A = /i we have 



^l|M^lliocL2 + SUp/i h\x'idxU^{t)\\l2 <\\Uo\\Haf, + \\u\\loc.H-^\\uf _1 
7 L°°H, ^ 



"3 ■ 



Finally, we sum up with respect to dyadic /i > A to obtain 

ikip -i + ii'^r 1 ^ ii^oT _i + ikii^ -iikT -1 

+ ||nf ,(||nf 1 , 

Xa X^ nA^;^ A^j^ 

This implies both f lT7|) and f llSp and completes the proof of Proposition 11.61 for s = — |. 
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